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Notes on two generalizations of almost realcompact spaces

by

K. Hardy

ABSTRACT

This paper is concerned with two generalizations of almost realcompact
spaces which were introduced by DYKES in 1970, namely a-realcompact and
c-realcompact spaces. We present some new results on both classes of spaces
and provide a reference for pertinent examples which were lacking hitherto.

Some open questions are scattered throughout thia paper.
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I. INTRODUCTION

In 1961, FROLIK [7] (and later [8] for Hausdorff spaces) introduced
the class of almost realcompact spaces: a topological space X is called
almost realcompact if each ultrafilter U of open subsets of X has the prop-—
erty that OCIXU = ﬂ{C1XU : Uel} is non-void whenever clyl has the countable
intersection property (cip). The category of Tychonoff almost realcompact
spaces (containing the realcompact spaces) is epi-reflective in the category
of all Tychonoff spaces; the reflection aX of any Tychonoff space X has re-
cently been constructed explicitly by WOODS [25]. )

In 1970, DYKES [5] defined the concepts of a-realcompact and &-real-
compact spaces; every regular almost realcompact space is a-realcompact and
every Tychonoff almost realcompact space is c-realcompact. We concentrate
below on these two generalizations; though categorically less well-behaved
than the almost realcompact spaces (both classes are probably not epi-re-
flective in the category of Tychonoff spaces), their interest lies primar-
ily in their pathology. Our aim here will be to present some new facts,
including certain examples which distinguish the two classes (none were
brovided in [5]) and to indicate some existing open questions.

For convenience, let us recall that a space X is called a cb-space
(MACK [18]1) if, given a decreasing sequence (Fn) of closed subsets of X
7ith empty intersection; there exists a sequence (Zn)_of zero sets with
:mpty intersection and Fn c Zn for n 2 1, The cb property is stronger than
:ountable paracompactness and equivalent to it for normal spaces. If the
sets (Fn) are all regular closed in X, we say that X is a weak eb-space
‘MACK and JOHNSON [197).

» A-REAL.COMPACT SPACES

All separation axioms-in this section will be stated explicitly as re-
uired. DYKES [5, p.573] has defined a topological space X to be g-reql-
ompact if every maximal open cover of X has a countable subcover. The no*
ion of a maximal open cover is dual to that of a free ultrafilter of closed
ets; thus one has an equivalent formulation: X 7s a-realcompact if each

Ltrafilter of closed subsets of X with the etp 18 fized. Spaces with the




.tter property have appeared in more recent literature ([91], [12], [21],
3]1) and have been called complete with respect to the paving (see FROLIK
1 of all closed subsets or simply closed complete spaces.
It was proved in [5] that a Tychonoff space must be realcompact if it
a-realcompact and a cb-space. An analogue of this result in regular

aces, which extends Theorem 1.6 in [5], is as follows:

OPOSITION 2.1. Let X be a countably paracompact space. Then X is a-real-

mpact implies X is almost realcompact; the converse holds if X is regular.

O0F. Assume that X is a-realcompact and let U be an ultrafilter of open
bsets of X such that clyl has the cip. Now clgll is a filter base of closed
.ts and so there is an ultrafilter F of closed sets containing cleh It fol-
ws that F has the cip: if there exists a decreasing sequence (Fn) in F

th ﬂ{Fn :n 2 1} void, there is, by the characterization of countable
racompactness due to ISHIKAWA [15], a sequence (Vn) of open sets with

L c Vn and n{clxvn: n 2 1} void; however, the maximality of U implies that
€ U for each n, and so clyV, € chU, contradicting the cip. Finally,

F: F e F} c n{A: A« CIXU} are both non-void. The converse is Theorem 1.6
v [51. O

BACON [1, p.589] calls a space igocompact if each closed and countably
mpact subset is compact. We generalize Theorem 2.13 in [1] by the follow-

g simple observation.

OPOSITION 2,2. Every a-realcompact space is isocompact.

O0F. Closed subspaces of a-realcompact spaces are a-realcompact and
untably compact, a-realcompact spaces must be compact (since countably

mpact implies cb). [

ROLLARY 2.3. Let X be a T, a-realcompact space. Then no space Y with

4
€Y c v X ean be a k-space.

O0F. This is a special case of Theorem 1.1 in [16] which applies to any

isocompact space. []




It follows from Proposition 2.1 that a T4 a-realcompact space which is
not almost realcompact must be a Dowker space. Indeed, SIMON [23] has proved
that the Dowker space constructed by RUDIN [22], hereafter denoted by R,
is a-realcompact but not almost realcompact. Also note that R is a source
for many examples of a-realcompact, non—almost realcompact spaces: R x I is
not T4 and not countably paracompact; the absolute E(R) is extremally dis-
connected (and incidentally not T4, this result is due to E.K. VAN DOUWEN).

We turn to some covering properties which are closely related with

a-realcompact spaces. A space X is weakly O-refinable if every open cover

of X has an open refinement V U{Vn :n 21} with the property that for
each point x € X there exists a positive integer n(x) such that x meets
only finitely many members of Vn(x)' If, additionally, each Vn is a cover
of X then X is called O-refinable. We refer to BENNETT and LUTZER [2] for
facts on these spaces. In particular, the ©-refinable spaces include all
paracompact and all metacompact spaces.

The symbol (*) will denote the condition that every discrete subspace
of a space X is of nonmeasurable cardinality. Thus cl(*) denotes the same

condition applied to closed discrete subspaces. We will now prove

PROPOSITION 2.4. A weakly ©-refinable space is a-realcompact provided (*)
holds.

PROOF. Let F be an ultrafilter of closed subsets of the weakly O-refinable
space X and assume that F has the cip while N{F : F ¢ F} is void. Then
{X\F : F € F} is an open cover of X and thus has a weak O-refinement
V= U{Vn :n 2 1}; actually, V is a subcover since F is a filter. For each
n 2 1, define Hnj = {x ¢ X : x is contained in at most j distinct members
of V.}. We have H . c H_ .
n nj — n,i+l
Y = u{v : v ¢ Vn}. Then, X <Y <X and it is easily checked that each

for each j 2 1. Let X_ = U{H_. : j 2 1} and
n nj

Hnj is closed in Yn' Next, it follows that
(i) there are fixed positive integers n,j such that F n Hnj is non-void
for every F € F: if not, there is for each pair (n,j) a set Fnj e F

with Fnj nH .= @; however X = U{Xn :n > 1} and so n{Fnj :n,j 2 1}

J
is void, contradicting the cip in F.

de now fix attention on the set H = Hnj established in (i). Since Vn is an




yen cover of H we apply a result of R,L. MOORE (stated nictely as Lemma 2
1 [26, p.827]; see also Lemma 8.9 in [3]) to show that
ii) a discrete subset D ¢ H exists with the following properties:
(a) {st(x,Un) : x € D} covers H
(b) No member of Vn contains two points of D.
sserve that D is closed in H if X is Tl and that D is closed (and discrete)
1 X if X is T, and O-refinable. Also note that D is uncountable:

1
iD={x :n2>21}, let V.= UV : Ve st (x ,V )}; then for n
n n n’ n

v

1,
= X\Vn is in F, as is F = ﬂnFn yet FnH, contradicting (i).

We continue the proof by defining, for each set F ¢ F, the set
={xeD: st(x,Vn)nFnH is non-void} and letting M = {F* : F e F}.
ten M is a free filter base on D : if F ¢ F, take z ¢ F n H and then by
ii)(a) z € st(x,Vn) for some x € D implies x ¢ F*; that (Flan)* c Fl* n Fz*
s clear; and if z e D, let st(z,Vn) = U{Vp : 1 <p<k, k <j}, then z ¢ F*
st F = ﬁ{X\Vp ¢ 1 <p <k} and this shows that M is free. An application of
JRN'S Lemma now yields a free ultrafilter K oM on D. By (*), D is real-
>mpact and so there exists a sequence (Ki) in K with n{Ki : i 2 1} void.

For the concluding arguments, define the open sets

;= U{st(x,Vn) T X € Ki} and notice that H n(ﬂ{Ui : 1= 1}) is void: choose
€ H and note that there are k < j distinct open sets in Un meeting z so
1at by (ii)(b) we have J = {x ¢ D : z ¢ st(xgvn)} is finite; then J n Ki
s void for some i and z ¢ u, . Also, none of the sets F, = X\U. is in F:
€ Ki implies st(x,Vn)n Fi n H is void, so that F; n K; is void, contra-
icting the fact that K is a filter.
inally, since Fi & F, i > 1, the maximality of F implies the existence of
P € F with G, c U, for each i 2 1; but then G = ﬂ{Gi : 121} ig in F

21ile G n H is void, contradicting (i) again. This completes the prcof. [J

It should be emphasized that the proof of Proposition 2.4 owes much to
he ideas found in ZENOR [26] (and later [27]). GARDNER [10] has recently
stained an implicit version (Corollary to Theorem 3.5 together with Theo-

em 3.9) of Proposition 2.4 under the more restrictive condition that all




discrete subspaces are of measure zero; his proofs depend on consideration
of regular Borel measures. We pause to state Theorem 3.5 of [10] since it
provides an interesting measure-theoretic characterization of a-realcompact
spaces: X 18 a-realcompact if and only if every two-valued regular Borel
measure on X is t-additive (this result also appears as Theorem 1.1 (ii) of
REYNOLDS and RICE [21]; as yet unpublished).

We now give some consequences of Proposition 2.4. The first one is an
analogue of the famous Theorem of KATETOV [17] that: a (Hausdorff) para-

compact space is realcompact provided cl1(*) holds.

JOROLLARY 2.5. A 0-refinable T,-space ts a-realcompact provided cl(*) holds.

orollary 2.5 furnishes a proof for the fact, announced in HAGERET AL (12,

>. 1427, that a weakly paracompact (= metacompact) space is a-realcompact
(£ ¢c1(*) holds.

‘OROLLARY 2.6. A (Tychonoff) weakly ©-refinable ch-space is realcompact
wrovided (*) holds.

orollary 2.6. strengthens Corollary 8.10 of BLAIR [3] since every o-point-

'inite open refinement is a weak O-refinement.

OROLLARY 2.7. A weakly O-refinable, countably paracompact space is almost

ealcompact provided (*) holds.

EMARKS 2.8. Notice that O-refinability alone does not imply almost real-
ompactness: ISBELL's space ¥ [11, 5I] is 0-refinable and pseudocompact
hence not almost realcompact). We also note that the proof in [27] actually
ields the fact that every O-refinable T ~space is realcompact if cl(*) holds.
hus, the Dowker space R is not O-refinable. Whether R is weakly O-refinable
s not yet known; in fact we can cite no counterexample to the converse of
roposition 2.4, although we conjecture that such spaces exist.

t is unknown if every metalindeldf space (satisfying a mild cardinality

ndition such as (*)) is a-realcompact; and more generally if property L

1 [1] implies a-realcompactness.

Closed subspaces of a-realcompact spaces are a-realcompact and all

mpact spaces are a-realcompact. However, we concur with the doubt ex-
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:ssed in [5, p.573] that productivity may fail in general, though we have
own that many products of a-realcompact spaces with almost realcompact
ices are a-realcompact. The following conjecture appears to be well-known

2t absent from the literature) and its substance will be explored in a

ter paper.

{JECTURE 2.8. a-realcompactness is not finitely productive.
1s, one would expect the well-known construction (due originally to
RRLICH and VAN DER SLOT: see Theorem 2.! in [25]) of a maximal a-real-

npact extension to fail. Notwithstanding, we now construct an a-realcom-

:t extension of a Tychonoff space X by mimicing the technique used for

: construction of the maximal almost realcompact extension aX in [25]:

Iine
{ = {p e B X : there exists an ultrafilter F of closed subsets of X with

the cip and {p} = n{C1BXF : F e F}}.

' let o X ='a}(an_ix) and put aoX = U{anx + n 21}, It follows that

= aEX (aIX corresponds to all points in uX which are limits of ultra-
ters U of open sets in X such that chU has cip; see [25]): if F is an
rafilter of closed subsets of X with cip, put A= {X\F:F closed and F ¢ F};
n A c U, where U is an ultrafilter of open sets and chU c F has the cip;
nd F converge to the same point. Thus, X ¢ aX ¢ aX ¢ uX. We now prove

following

POSITION 2.9. The space oX is a-realcompact.

OF. Let F be an ultrafilter of closed subsets of oX with the cip. Then,
re exists a positive integer m = | such that F n amX is non-void for all
F, for otherwise F fails to have the cip. It is readily shown that

= {F n umX : F e F} is an ultrafilter of closed subsets of amX; in fact
has the cip since F is closed under countable intersections. Thus,

1BXH
o. [

Let us comment that little is known about oX : X is a-realcompact if

X, and so N{F : F ¢ F} contains p

: He Fm} = {p}, where p € LI

only if X = a]X( = oX); if X is countably paracompact then @, X = axX,
if X is cb then oX = uX. And many questions remain: for example

Is aX the smallest a-realcompact space between X and vX ?




) A Tychonoff space is pseudocompact if and only if aX = BX;

5
for which spaces is aX = BX ?

) For any Tychonoff, pseudocompact, non-countably compact space X, does
BX have a subspace which is not a-realcompact (or even a countably com-
pact, non-compact subspace)? A positive answer would prove the conjecture

in [12, p.140] since every Borelcomplete space is a-realcompact,

. C-REALCOMPACT SPACES

All spaces considered in this section are Tyéhonoff. DYKES [5, p.576]
efines a space X to be c-realcompact if for every point x ¢ BX\X there
xists a real-valued, normal lower semicontinuous (nlsc) function f on BX
uch that f(x) = 0 while £ > 0 on X. The definition of nlsc functions and
ome of their properties may be found in [147; in particular, it is shown
nere that every space X has a c-realcompactification uX with X ¢ uX c v X
ad the property that every real-valued, locally bounded nlsc function on X
1s a unique extension to uX. Every almost realcompact space is c-realcompact
5, p.577] (and [14, p.6497) and every weak cb, c-realcompact space is real-
»mpact [5, p.576].

The following characterization is a sharpened version of Lemma 1.1 in
14].

IMMA 3.1. A space X is c-realcompact if and only if for each point
e VX\X there exists a decreasing sequence (An) of regular closed subsets
° X such that N{A_ : n 2 1} 78 void while N{cl A, P02 1} contains x.

n VA n

\00F. Observe that for any space X and any point x in BX\uX there exists
ijee for example [6, p.152]) a continuous (hence nlsc) function f on BX

.th £(x) = 0 while £ > 0 on uX (hence on X). It follows that the points of
A\uX play no essential role in the definition of c-realcompactness. More-
rer, if X is dense in some space T and A is regular closed in X then clTA
i the unique regular closed subset of T with A = X n clTA. These facts,

gether with Lemma 1.1 in [14], prove the result. [J

The inclusions X ¢ uX ¢ aIX ¢ aX ¢ vX always hold; and uX = uvX if X
weak cb ([14, p.652]). The following result, absent from [14], shows that

e latter equality may hold under other conditions.




JPOSITION 3.2. If x ¢ vX\X has a compact neighbourhood then x e uX.

particular, uX = vX when vX\X is locally compact.

JOF. Let x € VX\X and let U be an open subset of uX with x ¢ U and clUxU
npact. Consider any decreasing sequence (An) of regular closed subsets

X with x € ﬂ{clUXAn :n > 1}, Put Vn =0 nXn 1ntXAn. Now by Theorem 4.1
[4] we have ch(UnX) is pseudocompact so that ﬂ{chVn :n21} is non-

id and therefore so is ﬂ{An :nz21}. Thus, x ¢ uX. [J

A space X is almost normal [24] if disjoint pairs of closed subsets of
one of which is regular closed, have disjoint open neighbourhoods.
i1ivalently, X is almost normal if each regular closed subset of X is com=-

stely separated from each closed set disjoint from it.

JPOSITION 3.3. Let X be almost normal. Then X is c-realcompact implies X

a-realcompact.

JOF. Let F be an ultrafilter of closed subsets of X and assume that

b= ﬂ{cluXF : F e F} for some x ¢ vX\X. If X is c-realcompact there is,
Lemma 3.1, a decreasing sequence (An) of regular closed subsets of X

h ﬂ{An :n 2 1} void while ﬂ{clUxAn :n 21} contains x. It follows that,
: each n, AnnF is non-void for every F ¢ F : if AnnF is void for some

: F there is a pair of disjoint zero sets W,Z in X with An c Wand F c Z;

rever CluXw n clU Z is void, contradicting the position of x. Now the

X
timality of F implies that A e F for n 2 1 so that F fails to have the

> Thus, X = a,X = aX and we are through. [J

1

fARKS 3.4, We first note that the converse of Proposition 3.3 is false;
:cifically, a T, a=realcompact space need not be c-realcompact: the Dowker
ice R is T4 and a-realcompact [237; in [13] we were able to show that R

in fact a weak cb-space so that uR = aR = uR and hence R is not c-real-
wpact (nor almost realcompact). Next, a c-realcompact space exists which
not a-realcompact: the space X constructed in [19, p.240] is countably
-acompact and not weak cb while vX = X u {p} is o-compact (hence cb);

1s X = uX (because uX = uX implies that X is weak cb [14, p.652]); X is

: almost realcompact [25, p.206] and so Proposition 2.1 implies that
= uX,




Topological operations on c-~realcompact spaces remain largely a mys-—
:ry. The intersections of families of c-realcompact spaces lying between
and BX are c-realcompact [14] but subspaces of c-realcompact spaces which
‘e such (beyond the almost realcompact ones) are elusive. The question of
‘oductivity for c-realcompact spaces connects with the well-known relation

XXY) = uvX x vY as follows:

OPOSITION 3.5. Let X and Y be spaces such that the relation v(XxY) = vX x vY

'lds. If X and Y are c-realcompact, so is X x Y; the converse holds in

se X and Y have isolated points.
OOF. Apply Lemma 3.1. [

Let R be the class of spaces X such that for every space Y,
XxY) = vX x vY. Then X € R implies X is realcompact [20, p.652] and every
cally compact, realcompact space of nonmeasurable power belongs to R [4,

109]. We now have
ROLLARY 3.6. If X € R and Y is c-realcompact then X x Y Zs c-realcompact.

NJECTURE 3.7. c-realcompactness is not finitely productive.
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